We propose a cavity optomagnonic system based on antiferromagnetic insulators. We derive the Hamiltonian of the system and obtain the coupling of the antiferromagnetic magnon modes to the optical cavity field as a function of magnetic field and material properties. We show that, in the presence of hard-axis anisotropy, the optomagnonic coupling can be tuned by a magnetic field applied along the easy axis, allowing to bring a selected magnon mode into and out of a dark mode. For easy-axis antiferromagnets the coupling is instead independent of the magnetic field. We study the dynamic features of the driven system including optically induced magnon amplification and cooling, Purcell enhancement of transmission, and induced transparency, and discuss their experimental feasibility. arXiv:1908.06110v1 [cond-mat.mes-hall] 
Introduction.-The interaction between light and magnetism at the quantum level holds promise for future data storage and processing technologies. In seminal recent experiments, the coherent coupling of magnons (the spinwave quanta) to optical photons has been demonstrated in solid state optomagnonic cavities [1] [2] [3] . The latter are dielectric magnetic structures capable of simultaneously confining light and magnons, providing a enhancement of the magnon-photon coupling and enabling the study of cavity effects in a new platform. Magnons in these structures exhibit good coherence properties and tunable frequencies, and can couple strongly to microwave (MW) cavity fields [4] [5] [6] [7] [8] [9] [10] . Quantum memories [11] [12] [13] [14] [15] [16] [17] or transducers are possible applications [18, 19] .
Optomagnonic cavities have been investigated so far within the scope of ferromagnetic (FM) magnons. Experimentally, Yttrium Iron Garnet (YIG) cavities are used, supporting magnons with frequencies of the order of GHz (note that although YIG is technically a ferri magnet, one sublattice has a much larger spin and is dominant) [1] [2] [3] [20] [21] [22] . Theoretically, several phenomena have been studied, including transmission properties [23] , nonlinear dynamics [24] and magnetic textures [25] , and magnon cooling [26] and heralding [27] .
Antiferromagnetic (AFM) materials support magnons that can be described as excitations of a spin anti-aligned ground state (the Néel state) [28] . The AFM dynamics is typically in the THz range, which could enable ultrafast information processing and communication [29] [30] [31] [32] . At the same time, AFMs are robust against magnetic perturbations, an attractive feature for data storage [33, 34] . Strong coupling between MW photons and AFM magnons in an organic compound [35] has been reported, while theoretical studies have shown the possibility of re- * tahereh.parvini@mpl.mpg.de † victor.bittencourt@mpl.mpg.de ‡ silvia.viola-kusminskiy@mpl.mpg.de alizing a magnon dark mode [36] and coupling to ferromagnets [37] via a microwave cavity. In turn, methods involving light to probe and control AFMs are being developed [38] . Nevertheless, AFMs are still unexplored as platforms for optomagnonic cavities.
In this letter, we propose a novel solid state cavity optomagnonic system based on an antiferromagnetic insulator. We study the interaction of the AFM magnon modes with light confined in the AFM material. We derive the Hamiltonian governing the system and show that in the presence of hard-axis anisotropy the optomagnonic coupling to both homogeneous magnon modes can be tuned by an external magnetic field. In particular, we show that the magnon modes can be selectively decoupled from the cavity, rendering them dark. With the obtained Hamiltonian, we characterize the dynamical response of the system and discuss the experimental feasibility of our proposal.
Model.-We consider an AFM insulator consisting of two magnetic sublattices A and B of opposite spin. The AFM hosts two homogeneous magnon modesα andβ, see Fig. 1 , and is at the same time an optical cavity, in analogy to dielectric optomechanical resonators [39] and to optomagnonic cavities made of YIG [1] [2] [3] . AFMs with a high index of refraction and low absorption in the optical range, such as NiO (n ≈ 2.4) [40] would serve the purpose, or heterostructures containing MnF 2 (n ≈ 1.4) [41] or FeF 2 (n ≈ 1.5) [42] . The Hamiltonian of the coupled system iŝ
withĤ ph andĤ AFM the free photonic and antiferromagnetic Hamiltonians, respectively.Ĥ OM contains the coupling between the AFM magnons and the cavity photons, and is our main result in this section. The quantized optical field in the cavity isÊ(r, t) =
annihilation (creation) operator of mode ξ with resonance frequency ω ξ , and henceĤ ph = ξ ω ξĉ † ξĉ ξ . The antiferromagnetic Hamiltonian,Ĥ AFM , consists of (i) the exchange interaction between nearest-neighbor spins J i =j Ŝ i ·Ŝ j (J > 0), (ii) the Zeeman interaction between spins and an external DC magnetic field B 0 along e z , |γ| B 0 iŜ z i (γ gyromagnetic ratio), and (iii) easy −
axis anisotropy in the e z and e x directions respectively. For small magnetization fluctuations around the Néel ordered state, the Holstein-Primakoff (HP) transformations [43, 44] can be used to expressĤ AFM in terms of bosonic operatorsâ k andb k associated with the sublattices A and B. To first order, the HP transformations are given in terms of spin ladder operators asŜ +
where N is the total number of sites per sublattice and S the spin on each site.Ĥ AFM is diagonalized via a 4D Bogoliubov transformation to the bosonic operatorsα k = u α,aâk
Mat. [45] for details). In this representa-
kβ k with ω α,βk the respective eigenfrequencies. In this work we restrict our analysis to the two homogeneous (k = 0) AFM magnon modes, hence from now onwards we drop the dependence on k. The corresponding magnon frequencies ω α,β are functions of the characteristic frequencies ω E = JSN , ω ,⊥ = SN K ,⊥ , and ω H = |γ|B 0 : [37, 46, 47] . In our notation, ω α ≥ ω β and therefore α (β) labels the upper (lower) mode [47] . Whereas ω α increases with the magnetic field, ω β decreases and goes to zero at the onset of the spin-flop phase at ω SF ≈ 2ω E ω [48] .
The interaction between light and magnetization is described by the magneto-optical coupling [49, 50] 
indicates the lattice site and ε µν (µ, ν = x, y, z) is the spin-dependent part of the permittivity tensor. In this letter we consider simple cubic and rutile-structure AFMs, other more complex structures will be considered elsewhere. For these materials, within linear response in the deviations from the magnetic equilibrium, H MO reduces to [45, 49, 50] 
where
We have assumed that the electric field varies smoothly, such that P ± i ≈ P ± j for nearest neighbors. The linear magneto-optic coefficients K ± correspond to processes in which the two sublattices scatter the light in-phase (+) or out-of-phase (−). For our purposes, one-magnon scattering processes coming from quadratic terms in the spin (e.g. ∝Ŝ zŜ± ) can be absorbed in the definition of K ± . This model applies e.g. to the uniaxial AFMs MnF 2 or FeF 2 [51, 52] , and for the simple cubic AFM NiO for which K − = 0.
We obtain the optomagnonic coupling Hamiltonian H OM by quantizing Eq. (2) . We focus on the interaction between the homogeneous AFM magnon modesα andβ with a single optical modeĉ with frequency ω c , analogous to the scenario often considered in cavity optomechanics [39] . For an optical mode with circular polarization in the yz plane, from Eq. (2) we obtain [45] 
with (ε is the AFM dielectric constant)
The AFM optomagnonic coupling depends on the Bogoliubov coefficients through
where K = K − /K + quantifies the intrinsic magnetooptical asymmetry between the sublattices, and we have defined u ± α(β) = u a,α(β) ± u b,α(β) and v ± α(β) = v a,α(β) ± v b,α(β) . Hence, the two AFM magnon modesα andβ couple, in general, with different strength to the cavity mode.
Optomagnonic Coupling.-The constant G describes the coupling to the magnetization's fluctuations sector and is consistent with the one derived in Ref. [24] for the optomagnonic coupling in a ferromagnetically ordered system. Assuming equivalent sublattices with Faraday rotation per unit length θ
(c speed of light). The 1/ √ N dependence indicates that the density of excitations is relevant for the coupling, favoring small magnetic volumes. Due to the lack of data on absolute values for K + (or θ F ) for simple AFMs, we take as an estimate for G the value for (1µm) 3 YIG (diffraction limit volume), G YIG = 0.1MHz [24] . Some measurements indicate that the Faraday rotation coefficient in AFMs can be quite large, e.g. similar values as for YIG have been reported for BiFeO 3 [53] . Note that G given in Eq. (21) assumes perfect mode matching. Imperfect mode overlap can be accounted for by a mode-volume ratio factor [24] and it is responsible for a suppression of the coupling in current experiments with YIG [18, 54] . The second term in Eq. (5) gives a contribution proportional to KG and describes the coupling to fluctuations of the Néel vector. Typical values of K are K ≈ 0.01 (e.g. for MnF 2 or FeF 2 [51] ).
The reduced couplings g α,β can be found analytically, but the general solution is lengthy and we will not give it here. Simple expressions can be given in certain cases. Since the exchange energy is usually the largest energy scale in the AFM, the condition ω ⊥, ω E holds. For an easy-axis AFM (ω ⊥ = 0), we obtain [45] g
Note that Eq. (6) is independent of the magnetic field B 0 , a consequence of the axial symmetry of the system in this case [45] . In the absence of magneto-optical asymmetry (K = 0) both modes couple equally to the light field, while for finite K, g ω ⊥ =0 α increases linearly and g ω ⊥ =0 β decreases. If the condition K = ω /2ω E is met, then g ω ⊥ =0 β = 0 and the β mode is a dark mode, completely decoupled from the cavity mode. Whereas this requires fine tuning, it could be achievable in cold atoms realizations where the relevant parameters can be tuned [55] [56] [57] [58] [59] . The situation nevertheless changes in the presence of hardaxis anisotropy, where the coupling to the modes can be tuned externally by the magnetic field as we show below. From Eq. (6) we obtain g MnF2 α,β ≈ 0.5, 0.4 (ω E = 9.3 THz, ω = 0.15 THz, K = 0.007 [51, 60] ) and g FeF2 α,β ≈ 0.6, 0.7 (ω E = 9.5 THz, ω = 3.5 THz, K = 0.01 [49, 61] ).
In the absence of a magnetic field,Ĥ AFM is invariant under the transformationâ k ←→b −k . For finite hardaxis anisotropy (ω ⊥ = 0), imposing this symmetry we obtain [45] g
which implies that for K = 0α is a dark mode (g α = 0) whereas the β-mode is independent of K. The case ω ⊥ = B 0 = 0 is however pathological, sinceα andβ are degenerate. Then Eq. (6) holds, with g α = g β = 0 (the Bogoliubov coefficients present a discontinuity at ω ⊥ = 0). Fig. 2 shows |g α | and |g β | as a function of the external magnetic field and of K for representative finite anisotropy values ω ⊥ and ω . In Fig. 2 (a) we took these as for NiO (ω /ω E = 1.3 × 10 −5 and ω ⊥ /ω E = 7.6 × 10 −4 [62] ), and in Fig. 2 (b) we inverted these such that ω > ω ⊥ . We see that in both cases the coupling strengths g α,β can be tuned by B 0 , although with some qualitative differences. For K = 0 the α-mode can be tuned from dark to bright by increasing B 0 , with a slow linear increase for ω < ω ⊥ and rapidly but saturating for ω > ω ⊥ . For both cases there is a threshold K th such that for K > K th , there exists a finite B 0 for which the β-mode is rendered dark (g β = 0). In the regime considered for Fig. 2 , g α,β < 1 for all fields, since the maximum B 0 is limited by the spin-flop transition. This suppresses the corresponding optomagnonic coupling (Gg α,β ). g α increases nevertheless rapidly with K, so materials with a larger magneto-optical asymmetry would be favorable for larger coupling values. Our calculations indicate that K 0.1 would be sufficient for g α > 1 [45] .
A figure of merit for determining the strength of the coupling is the cooperativity [39] . Taking G = 0.1MHz as noted above, and typical values for the magnon (Γ ≈ 1GHz [63, 64] ) and optical cavity decay rates (κ ≈ 100MHz [1]), for g α,β = 1 we obtain a single-photon cooperativity C 0 α,β = 4G 2 g 2 α,β /Γκ ≈ 4 × 10 −6 . For an estimated maximum photon density of 10 5 /µm 3 allowed in the cavity [24] , the cooperativity C α,β = n c C 0 α,β (with n c = ĉ †ĉ steady state number of photons circulating in the cavity) could be therefore tuned into the strong coupling regime (C α,β > 1) by reaching g α,β > 1. Improved cavity and magnon decay rates would boost this value further. In this regime, magnons and photons hybridize and coherent exchange of information is possible. Dynamical Response.
-We now consider that the cavity is driven by a strong control laser with amplitude s d and frequency ω d , and a weak probe laser with amplitude s p and frequency ω p , see Fig. 1 . Correspondingly, we add a driving termĤ
The total loss rate of the optical cavity is κ = κ ex + κ 0 , where κ ex and κ 0 correspond to the loss rates due to external coupling and intrinsic dissipation, respectively. The coupling efficiency η = κ ext /κ 0 is adjustable in experiments [65, 66] .
In the following we restrict our results to the resolved sideband regime, ω α,β κ. Since the magnon frequencies for AFMs are in the THz range, this condition is not very restrictive. The optomagnonic coupling Eq. (3) leads to the modification of both the magnon resonance frequency (optical spring effect) and the magnon damping (optomagnonic damping). Fig. 3 shows an example of these for the α-mode as a function of detuning of the control laser for C α = 0.4. The resulting frequency shift corresponds to MHz. For blue detuning, Stokes processes are driven and the effective magnon linewidth decreases near the resonance, indicating amplification. For stronger coupling this can lead to instabilities and the breakdown of the linearized model [23, 24] . In the reddetuned regime the linewidth increases when approaching resonance, indicating the conversion of magnons to photons via anti-Stokes processes. This regime can be used to cool the magnon mode if the decay rate of photons is faster than the magnon decay rate [26] . The β-mode presents qualitatively analogous behavior. These effects depend on the external magnetic field via the couplings g α,β , see Fig. 2 .
Finally, we turn our attention to the transmission and reflection properties of the AFM optomagnonic cavity in the strong coupling regime. We focus on a red de- tuned control laser where the Stokes processes are far offresonance. Following the standard procedure (see Sup.
Mat. [45] ) we obtain the cavity mode spectra δc[ω] in the frame rotating at the control light frequency
where ω = ω p −ω d is the pump-probe detuning,∆ = ∆+ 2G(g α Re[ α ] + g β Re[ β ]) is the renormalized detuning due to the magnon induced cavity frequency shift with ĵ = iGg j n c / (iω j + Γ j /2) (for j = α, β), and the self-
where Γ j is the intrinsic magnon linewidth of mode j. The transmission and reflection spectra can be obtained straightforwardly from Eq. (7) by using the input-output boundary conditions δc out (ω) = δc in (ω) + (κ c /2) 1/2 δc(ω). In Fig. 4 we plot the reflection spectra for different parameter regimes (for simplicity we assume Γ α = Γ β ≡ Γ ). In the cavity decay dominant regime (Γ < g α G √ n c < κ), an optomagnonically induced transparency peak opens in the transmission spectrum at the corresponding magnon resonance due to destructive interference between the up-converted control field and the probe field. If the magnon decay dominates (κ < g α G √ n c < Γ), a Purcell enhancement in the transmission peak at resonance is instead observed, since the magnons decay too fast for coherent beating. The results for different values of B 0 demonstrate the tunability of the system. Conclusions.-We proposed a solid state optomagnonic cavity system in which optical photons are coupled to long wavelength AFM magnons. We derived the coupling of the magnon modes to the cavity mode and showed that (i) for easy-axis AFMs the coupling takes a simple form and it is independent of magnetic field, and (ii) in the presence of hard-axis anisotropy the coupling is tunable by a magnetic field, allowing to render a selected mode dark. We estimated the values for the coupling and showed that, although challenging, the strong coupling regime could be reached in micron sized singledomain AFMs cavities [67, 68] . In this regime, we showed that typical phenomena of cavity QED such as induced transparency and Purcell effect can occur. AFMs optical cavities could therefore provide a new platform to study light-matter interaction, and possibly a new tool to probe AFMs due to the enhanced light-magnon coupling. The tunability with a magnetic field, in particular for tuning a magnon mode from dark to bright, shows promise for quantum protocols for quantum information storage and retrieval.
SUPPLEMENTAL MATERIAL

A. Antiferromagnetic Hamiltonian
For completeness we present here how to diagonalize the antiferromagnetic Hamiltonian
following Ref. [37] . Considering small fluctuations around equilibrium, which we set to be in the e z direction, the spin ladder operatorsŜ i ± =Ŝ i x ± iŜ i y , andŜ i z are given bŷ 
whereâ k andb k are the collective bosonic operators associated to the sublattices A and B respectively, satisfying the commutation relations â k ,â †
S is the total spin per lattice site and N is the number of sites in each sublattice. Using Eq. 10 and keeping only terms up to two bosonic operators,Ĥ AFM is written in k-space aŝ
The coefficients A, B, C k and D are given in terms of the characteristic angular frequencies ω E = SJZ (with Z the number of nearest neighbors), ω = SK , ω ⊥ = SK ⊥ , and ω H = |γ| B 0 as
where f (k, δ) = j e −ik·δj , with the sum carried over all nearest-neighbor vectors δ j . For long wavelength magnons C k ∼ ω E . In order to diagonalize the Hamiltonian, we use the four-dimensional Bogoliubov transformation [37, 46] 
whereα k andβ k are the destruction operators of the bosonic magnon modes which satisfy [α k ,Ĥ AFM ] = ω αkαk and [β k ,Ĥ AFM ] = ω βkβk . These commutation relations lead to an eigenvalue problem that, together with the bosonic commutation rules forα k andβ k , determine the coefficients of (13) and the eigenfrequencies ω α,β [46] . The diagonalized form of (11) is given bŷ
B. Magneto-optical Hamiltonian for Antiferromagnets
Here we present the details on the derivation of Eq. (3) in the main text starting from
To first order in the spins, the permittivity tensor is given by
with K µνζ the magneto-optical coefficients which are in general restricted by symmetry conditions. Further terms can be included to describe second order magnetooptical effects [49, 50] , which we do not consider in this work. Following Ref. [50] , we assume system with a rutile crystal structure, where the two magnetic sublattices are arranged in a body-centered cubic geometry. One of the sublattices occupies the central sites, while the other occupies the corner sites. The components of the permittivity tensor are then given in terms of three imaginary constantsK 1 , K 2 and K 3 [50] , such that for sublattice A
Given the considered geometry, K
where R is the π/2 rotation matrix relating the symmetry of the sublattice A to the symmetry of the sublattice B. Therefore, for sublattice B
If the sublattices are equivalent,
We are interested in the optomagnonic coupling Hamiltonian, which represents the coupling of an optical field to the magnon excitations on top of the static ground state spin configuration. In correspondence with the setup of Section A, we assume that the Néel equilibrium of the AFM takes place along the e z direction. Therefore, to first order in the magnon excitations, the coupling between light and the deviations from the magnetic equilibrium is encoded in the terms ∝ S x,y , which correspond to scattering processes involving one magnon. We thus do not consider the terms ∝ S z , which would correspond to higher order processes. Substituting (16) , (17) and (18) in (15) , the optomagnonic Hamiltonian can be written as 
whereÊ(r, t) = γ,s E γs (r)ĉ γ,s (t) (γ denotes the mode indices and s the polarizations), P i± βγ,ss = E * βs,z (r i )E γs ,± (r i ) − E * βs,± (r i )E γs ,z (r i ) and K = K − /K + . For modes polarized in the yz plane (as in Fig. 1 in the main text) P i+ βγ,ss = −P i− βγ,ss = G i βγ,ss , where the last equality defines the coefficients G i βγ,ss ≡ G βγ,ss (r i ). Thuŝ
In general, the total coupling coefficients will be determined by taking the continuum limit of Eq. (19) , such that the sum over the lattice i,j is replaced by integrals. The total coupling will therefore also depend on the degree of overlap of the corresponding optical and magnon modes [25] .
We further specify the model by considering that only one relevant cavity mode interacts with AFM magnons with k = 0. Moreover, we assume for simplicity that the cavity mode has a plane wave profile E(r) = i χ=R,L ωc 2εV e ikc·r e χ , where ε is the electric permittivity of the material, V is the cavity volume, k c is the wave vector of the mode, and e R(L) = (e y ∓ ie z )/ √ 2 denotes right and left circularly polarized modes. For this case, using the Holstein-Primakoff approximation for the spin operators (see Eq. 10), the Hamiltonian for the right circular polarization component reads (from now on a k=0 ≡â andb k=0 ≡b)
with
For the left circular polarization componentĤ L MO = −Ĥ R MO . Since the system is diagonal in the R/L basis, we further consider only one circular polarization component of the optomagnonic Hamiltonian (R for definiteness) and drop the index R of (20) . In order to express the optomagnonic Hamiltonian in terms of the magnon modesα ≡α k=0 andβ ≡β k=0 , we use the inverse of the transformation (13) (5) of the main text.
In the absence of hard axis anisotropy (ω ⊥ = 0) the non-vanishing Bogoliubov coefficients are independent of the external magnetic field and given by [46] 
In the limit ω ω E the couplings g α,β take the simple form given in Eq. (6) of the main text.
In figure 5 we show the exact g α,β as a function of K for ω ⊥ = 0 and representative values of ω (left plot) and as a function of ω H for different values of K (right plot). In the left plot, ω ω E and we observe a linear behavior with K, in agreement with Eq. (6) of the main text. For zero external magnetic field, the antiferromagnetic Hamiltonian is invariant under the transformation a k ←→b −k , see Eqs. 11 and 12. For k = 0, this corresponds simply to swapping the sublattices A and B. Under this transformationŜ :â →b , the Bogoliubov modes read (remembering that for our case the Bogoliubov coefficients are all real)
where the prime denotes the transformed modes. Since 11 is invariant underŜ, the transformed Bogoliubov modes fulfill ω αα †α + ω ββ †β = ω αα †α + ω ββ †β . (23) Considering Eqs. (22) and (23), for non-degenerate modes ω α = ω β (this requires ω ⊥ = 0) we obtain the following conditions on the Bogoliubov coefficients: u j,b = ±u j,a and v j,b = ±v j,a (for j = α, β). In our case,α (β) corresponds to the antisymmetric (symmetric) mode under the transformation:
and the inverse transformation reads
where we have used that 2 |U j | 2 − |V j | 2 = 1. From
and hence for K = 0 the α-mode is decoupled from the light, while the β-mode coupling is independent of K.
Easy axis AFM case (ω ⊥ = 0)
In the absence of hard axis anisotropy, the Hamiltonian 9 is invariant under rotations around the e z axis and 11 reads (for k = 0, and = 1)
A rotation by θ around the e z axis is given byR :Ŝ + → e iθŜ + , thus at the level of the bosonic operatorsâ → e iθâ andb → e −iθb The Bogoliubov modes transform aŝ α = e iθ u α,aâ + v α,bb † + e −iθ u α,bb + v α,aâ † , β = e iθ u β,aâ + v β,bb † + e −iθ u β,bb + v β,aâ † .
We thus conclude that, in order forĤ AFM = ω αα †α + ω ββ †β to be invariant we have (for j = α, β) u j,a = v j,b = 0 or u j,b = v j,a = 0. In our case,R:α → e iθα and β → e −iθβ , thus fixing u α,a = U α , v α,b = V α , u β,b = U β , v β,a = V β and u α,b = u β,a = v α,a = v β,b = 0. We can then writeĤ AFM in terms of the Bogoliubov coefficients (besides a constant term) aŝ
Comparing the above expression with (25) we have
To obtain further information on the form of the Bogoliubov coefficients we use the eigenvalue equations to obtain (A − ω α )U α − CV α = 0, CU α − (B + ω α )V α = 0,
−(A + ω β )V β + CU β = 0, −CV β + (B − ω β )U β = 0.
Using (27) Comparing with (28) we conclude that U β = U α = U and V β = V α = V . Finally we notice that since ω α = −ω H + 1 2 (A + B) 2 − 4C 2 , A = −ω H + ω E + ω and B = ω H + ω E + ω , then A − ω α and B + ω α are independent of ω H , and hence the Bogoliubov coefficients U and V are independent of ω H . Therefore the couplings
are independent of the magnetic field for ω ⊥ = 0 and at K = 0 they have equal strength g α = g β . In this derivation the important fact was u α,b = u β,a = v α,a = v β,b = 0, which is consequence of the invariance under rotations around the e z axis.
